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3SUM

Given a set X of n integers, 1s a+b+c=0 for any a,b,ceX?
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[Adam c.4000 BCE]
[Horowitz Sahni 1974]

3SUM in O(n2) time

Sort X[1. .n]
for j « 2 to n-1

11— 1T k«n
while1 <] <k
if X[1] + X[j] + X[k] > O
K «— k -1

else 1f X[1] + X[j] + X[k] < ®
1—1+1

else
return True

return False



Equivalent variant

» Original: Given a set X, is a+b+c=0 for any a,b,c € X?

» Given three sets A, B, C, 1s a+b+c=0 for any acA, beB, ceC?
» Oneway:LetA=B=C=X
» Otherway: Let X=(A-3z)u (B + 2z) u (C + 2z) for large enough z
» Alternatively: Let X = (10A -3) u (10B + 1) u (10C + 2)



3 SU M co njeCt u re [Gajentaan Overmars 1995]

| 3SUM cannot be solved |
' in o(n2) time.



3SUM-hard problems

3SUM i1s a standard reference for conditional lower bounds:

» “The 3SUM conjecture implies that SPROBLEM cannot be solved in
subquadratic time.”

» “If SPROBLEM can be solved in O(n2/f(n)) time, then 3SUM can be
solved 1n O(n2/g(n)) time.”



General position

» Given n points in the plane, do any three lie on a line?

T Xi Vi
» Equivalently, 1Isdet |1 X yi|= O for any 1, J, k?
T Xk Yk




Collinearity is 3SUM-hard

[Gajentaan Overmars 1995]

Project the given numbers onto the unit cubicy = x3

» (a,a3), (b,b3), (c,c3) are collinear 1ff

1 a a3
1 b b3|= (a-b)(a-c)(b-c)(a+b+c) =0
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Collinearity is 3SUM-hard

[Gajentaan Overmars 1995]

Three-set version: Given A, B, C, construct point sets

{(-1, 2a) | acA} {(O, -b) | beB} {(1, 2c) | ceC}

» (=1, 2a), (O, -b), (1, 2¢) are collinear iff

1
1
1

-1 2a
0 -b
1 2cC

= 2(a+b+c) =0




Motion planning
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[Gajentaan Overmars 1995]
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Other geometric prOblems [Gajentaan Overmars 1995]

» Glven a set P of points in the plane, find the minimum-area triangle with
vertices in P.

» Given n triangles, does their union cover a given box? Does their union
have any holes? What is the area of their union?

» Hidden-surface removal: Given n triangles in 3-space, are they all visible
from a given viewpoint?

» Gilven two simple polygons, can one be translated to fit inside the other?
[Barequet, Har-Peled 1999]

» Given two sets of points in the plane, find a translation that minimizes
their Hausdorff distance. rsringmann, nusser 20211

11



Non-geometric problems

) LOngeSt arithmetic SU bsequence [Erickson, 1999] [Dudek Gawrychowski Starikovskaya 2020]

» Lots of dynamic graph problems: reachability, shortest paths, strongly

connected components, bipartite matching, ...
[Patrascu 2010][Abboud, Vassilevska Williams 2014 J[Abboud, Vassilevska Willlams, Yu 2018]

» Exact triangle: Given a graph with weighted edges, 1s there a triangle with
welght zero? jvassitevksa, wittiams 20097

» Jumbled indexing: Preprocess a text T so that we can test whether T has
d SU bString matChing d given freq_uency alray. [Amir, Chan, Lewenstein, Lewenstein 2014]

» Dot prOdUCt of grammar-com pressed VeCTOIrS [abboud, Backurs, Bringmann, Kiinnemann 2020]
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(O) Originally det. (C) Reductions via Convolution 3SUM; derandomized by [22]

M Many geo- Jumbled Hausdorff Many dynamic
O re metric Indexing Distance problems
problems under Trans-
lation

[Fischer, Kalicak, Polak 2024] k-Enclosing

Rectangle
Subset Sum

Triangle
Collection
Convolution Matching

(D) Reductions via Set Disjointness or
Set Intersection; newly derandomized

_ Many database
problems

44] Dictionary

i_i-*i Set Intersection Listing Matching

with One Gap

Connectivity
in Graph
Timelines

6"’- y
¢ Set Dis- 44 All-Edges 31 . Many range
jointness Triangle - query problems




3SUM needs Q(n2) time e e 1000

» Suppose our only access to X 1s by asking 1f X[1]+X[J]+X[k] = O.
» An adversary pretends to input X[-n..n] where X[1] = 41+1 for all 1.

» X[11+X[J]+X[k] mod 4 = 3 for all 1,},k, so the correct output 1s False.

e[ 7]2] [s [+ [a[v]n]z
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3SUM needs Q(n2) time e e 1000

There are Q(n2) critical triples (1, J, k) such that X[1]+X[j]+X[k] = 3.

-23]19]15|-11| 7|3 ] 1|5 | 9 13 17| 21[25

All (1, J, k) such that 1+j+k = O

15



3SUM needs Q(n2) time e e 1000

» Suppose we return False without checking some critical 1,),k.

» Then the adversary decreases X[i], X[j], and X[k] by 1.

-23]19]15]-12) 7 |-3| 1 | 4 | 8 [13 17| 21[25

» Now X[1]+X[j]+X[k]=0, so the correct output 1s now True.

» Every triple sum X[1']+X[J’']+X[k’] that we actually queried has the
same sign as before, so we still output False.
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So we'’re done?

Our adversary lower bound matches the running
time of our algorithm, so our algorithm 1s optimal!

Right?

Alas, no. The adversary argument only works for a
restricted class of algorithms!
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[Dobkin Lipton 1980]

Linear decision trees

» Input = vector x € R — different tree for each value of n
» Internal nodes: test sign of a-x-b for some a eR", b €R

» Width = max #nonzero coefficients in test vector a

» Leaves: output value

Y
» Time = depth _} | {+

el X .

18



Linear decision tree bounds

Theorem: Every family of linear decision trees that solves 3SUM
has depth Q2(n log N). rpobkin Lipton 1986;

Theorem: Every family of 3-linear decision trees that solves 3SUM
haS depth Q(nz). [Erickson 1995]

» ...even 1f decisions other than “X[1]+X[j]+X[k] = O” are free!

Theorem: There 1s a family of 4-linear decision trees with depth
O(n3/2) that SO[VGS BSU M [Gronlund Pettie 2014, Gold Sharir 2017]

Theorem: There 1s a family of 6-linear decision trees with depth
O(n lng n) that solves 3SUM. [kane Lovett Moran 2018
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Random Access Machines

What can a memory cell store? What can we do 1in one step?

» Unit-cost integer RAM: Arbitrary integers [Cook Reckhow 1973]
[Aho Hopcroft Ullman 1974]

) <,>,=,+,—,X,//,%

» Word RAM: w-bit integers (“words”), w = Q(log n) [Fredman Willard 1980]
) <1 >1 = +1 B X, //1 %1 <<1 >>1 &1 |1 A1 Ty e

Sh 1978
» Real RAM: words or exact real numbers Erickson v der Hood T

» Word ops: same as word RAM + cast to real
» Real ops: <, >, =, +, -, x, /, maybe 4
» Forbidden real ops: mod, cast/round to int, bitwise ops, weird constants
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RAM time bounds

3SUM can be solved in O(n log U) time
on the unit-cost integer RAM (with xj._

» e o . )
[Exercise for the reader] T'his 1s cheating!

| [Schonhage 1980] |

3SUM can be solved 1in O((n?/log? n) (log log n)?2) time
on the word RAM.

[Baran Demaine Patrascu 2008]

3SUM can be solved 1n O((n2/log? n) (log log n)°M) time
on the real RAM.

[Gronlund Pettie 2008, Freund 2017, Gold Sharir 2017, Chan 2018]
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3SUM conjecture

[Gajentaan Overmars 1995]
[Patrascu 2010]

." 3SUM cannot be solved |
' In O(Nn2-%9) time for any 0>0.
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How to get o(n2) time?

Four key techniques:
» Self-reduction: Reduce the problem size
» Universe reduction: Reduce the number range
» Four Russians: Don’t sweat the small stuff

» Fredman’s trick: Addition is commutative

The best 3SUM algorithms require more technical details, more careful
analysis, and other interesting tricks,; I will only give a brief sketch here.
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[Gronlund Pettie 2014]
[Lincoln, Vassilevska W., Wang, Williams 2016]

Self-reduction

» Sort the input arrays A, B, C.
» Partition A, B, C into n/g chunks of length g

» We immediately reduce to O(n3/g3) subproblems (A;, Bj, Ck),
but most of those subproblems are boring!

» A subproblem (A;, By, Cy) is nontrivial iff
min A; + min B; + min Cx = ® and max A;j + max Bj + max Cx= ®

» Claim: There are at most O(n2/g2) nontrivial subproblems (A;, B;, Ck).
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[Gronlund Pettie 2014]
[Lincoln, Vassilevska W., Wang, Williams 2016]

Self-reduction

» AxB 1s naturally split into n2/g2 blocks.

Hllmllll
lull-IllI
ENEEAENIEE
l--=1NIl

» Each chunk Cyx defines a region in AxB:
{(i,]) | Ali] + B[j] + min Cx = ® < A[i] + B[j] + max Ck}

» Each block AixBj1s completely inside at most
one region Ck A

» The boundary of each region crosses at most
4n/qg grid lines

» So there are at most 5n2/g2 nontrivial
subproblems!
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Self-reduction

Any instance of 3SUM of size n can be
reduced to O(n2/g2) instances of size g
in O(n log n + n2/g2) time.

A

[Gronlund Pettie 2014]
[Lincoln, Vassilevska W., Wang, Williams 2016]

Lo
mEENEEEE
CNT TN LT [
HANECIEIINE
HhnnNIIEE
PPN

HEEEEANE
RN
BN EERN
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[Baran, Demaine, Patrascu 2008]

Universe reduction e

» Suppose A, B, C contain integers between -n%(1) and no®),

» Suppose a+b+c0 for all aeA, beB, ceC ¥75tandard assumption
: for the word RAM with
» Let P = all primes between n4/2 and n4. w = O(log n)
~N~—

» Prime Number Theorem = |P| = Q(n4/log n).
» a+b+c has O(1) prime divisors in P.
= Prpep[a+b+c mod p = O] = O(1)/|P| = O((log n)/n4)
= Prpep[3a,b,c : a+b+c mod p = O] = O((log n)/n)

» We've reduced to modular 3SUM over [p] with small error prob.



[Baran, Demaine, Patrascu 2008], [Patrascu 2010]

U n ive rse red u Ctio n [Fischer, Kalicak, Polak 2024]

With a few more details:

If we can solve 3SUM over [+n4] 1n T(n) time, then
we can solve 3SUM over [£nO(M] 1n O(T(n)) expected time.

With more care and more interesting hash functions:

If we can solve 3SUM over [+n3] 1n O(n2-€) time,
then we can solve 3SUM over [+n°()] 1n O(n2-¢’) time.
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3SUM conjecture

[Patrascu 2010]

. 3SUM over [£n?] cannot be solved |
in O(n2-3) expected time for any 3>0.
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[Arlazarov, Dinic, Kronrod, Faradzev 1970]

Four Russians

[Baran, Demaine, Patrascu 2008]

Precompute answers to all possible “small” subproblems and store
them 1n a lookup table.

» An 1nstance of 3SUM i1s small 1f 1t has size g and range [+g4],
where g = /5 log n / log log n.

» We can solve all (2g4)9 = o(n) small instances in (2g4)9-O(g?) =
o(n) time and store their answers 1n o(n) space.

» Each small instance fits in a single O(log n)-b1t word.
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3SUM on the word RAM

[Baran, Demaine, Patrascu 2008]

» Suppose we are given n integers in [+n°(M]. Sort them.

» Let g = /5 log n / log log n. Precompute answers to all instances
of size g and range [+g4].

» Reduce to O(n2/g2) instances of size g in O(n2/g2) time.

» Reduce each of those instances to range [+g4], in O(g) time

N

) . ' This actually\
» Look up the answer to each small subproblem 1n O(1) time. needs two

levels of
» Overall running time 1s O(n2/g) = O((n?/log n) log log n) universe

reduction!

N
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Chunking the algorithm (Srontund et 2074

Sort and chunk A,B,C

for Kk < 1ton
i« 1;j < n/g

‘!IIIIIII
NPT T ks
while i < Il‘llll
if —-C[k] € Ai + B; ) ‘...
e e TN

iIf max Ai + min B; + C[k] > O
K — k-1

else
1—1+1

HEEEEANE
HEEEEEIE
BN RN

return False




Chunking the algorithm

Sort and chunk A,B,C

for Kk < 1ton
i« 1;j « n/g

while 1 < J

if —-C[k] € Ai + B;
return True

iIf max Ai + min B; + C[k] > O
K «— k -1
else
1—1+1
return False

» The while loop traverses at
most O(n/g) boxes

» If Ai + B; were magically
sorted, we could use binary
search here.

» Then the algorithm would run
in O((n2 log g)/g) time.

[Gronlund Pettie 2014]

33



Fredman,s triCK [Fredman 1975, 1977]

a+b <a'+b’ & a-a' <b’-b

— Sorting (A-A) U (B-B) implicitly sorts A+B

— SOrting (A1—A1) U eee U (An/g—An/g) U (B‘I—B1) U e U (Bn/g—Bn/g)
implicitly sorts Ai+B;j for all 1 and |

» In the linear-decision tree model, this trick reduces sorting
0O(n2/g2) gxg blocks to sorting one set of size O(ng)
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C h u n ki n g Wit h Fred ma n [Gronlund Pettie 2014]

Sort and chunk A,B,C
Sort i (Ai-Ai) U | J; (Bj-B;)
fork < 1ton
1< 1, ) « n/g
while 1 < |
if —-C[k] € A;j + B;
return True

if max Aj + min Bj + C[k] > O
K — k-1

else
11+

return False

» The presorting phase uses
O(gn log n) depth.

» Now each A; + B;j is sorted, so
the rest of the algorithm uses
O((n2 log g)/g) depth.

» Setting g = n”2 gives us overall
depth O(n3/2 log n).

» All queries have width<4.
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Summary

» 3SSUM can be solved in O(n2/polylog n) time.
» Different models of computation require different methods.

» Conjecture: 3SUM cannot be solved in O(n1.9999999..9999999) time,
for any number of 9s.

» This conjecture implies (near-)quadratic lower bounds for [(ots of
problems.
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Open problems®

Is there a subquadratic reduction from 3SUM to 3SUM over [+nZ]?

Given an arbitrary set P of n points in the plane, can we decide
iIf P contains three collinear points in only O(n2/a*(n)) time?

*not recommended before tenure
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